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Abstract

This paper introduces an original model to simulate the bondfailure between

concrete and reinforcing steel bars. The model was developed to be used in three-

dimensional analyses within the framework of the Finite Element Method and for

general loading cases. It was designed using a hierarchicalapproach by combin-

ing what is called thebase model, which acts as the skeleton of the model and

introduces the basic response under monotonic and reversedloading, and four in-

dependent and optional sub-models used to enhance the simulation when needed,

by considering the cyclic resistance degradation, the peakstress slip evolution, the

reload slip evolution and the radial stress effect.

The model implementation within the framework of the FiniteElement Method

is described and its accuracy is assessed using a series of validation tests. At the

end, the main conclusions extracted from this work are presented.
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1. INTRODUCTION

For economic reasons, commonreinforced concrete(RC) structures are de-

signed in such way that they dissipate energy with large inelastic deformations

when subjected to severe earthquakes or other intense load sources. In those situa-

tions, RC elements are exposed to high loading demands that can lead to a strong

nonlinear response.

A particular vulnerable component is the connection between the reinforcing

bars and the concrete that in the scope of this paper will be called theconcrete-steel

interfaces(CSI). These interfaces play the important role of transmitting forces be-

tween the reinforcements and the concrete and incorporate the well-known and

complex longitudinal stress transfer mechanism, commonlycalled thebond mech-

anism, but also the radial stress transfer that develops at these interfaces.

When the forces to be transmitted are too high, the perfect connection be-

tween both materials is lost and relative displacements occur. This can influence

the amount, size and distribution of cracks, potentiate higher stiffness and resis-

tance degradation, intense stress redistributions and result in significant changes in

the response. In particular, the hysteretic response may becharacterized by long

branches with reduced stiffness and pinching effects, which contributes decisively

to narrower cycles, and consequently, to lower hysteric energy dissipation.

2. PROBLEM FORMULATION

2.1. Modelling scale

The first issue to be taken into consideration is what scale should be used to

represent the bond mechanism. This is a fundamental aspect since all subsequent

modelling options will be influenced by this choice. The classification adopted by

Lowes [1] seems to be appropriate and may be summarized as follows.
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Modelling the bond mechanism at theelement scaleusing a global response

constitutive relation has the advantage of being extremelyeffective from the com-

putational point of view, because all the inelastic response, including bond and

other inelastic sources, is included in a single forcevs. displacement or moment

vs. curvature relation. The main drawbacks are related to not considering the in-

elastic response distributed along the element and the reduced adaptability to other

geometries and reinforcement configurations.

Adopting therib scalerepresentation of the bond mechanism all bond-related

elements are geometrically incorporated in the model, including the ribs of the

reinforcements and the concrete keys between them. This methodology has the

advantage of being extremely general and potentially very accurate. However, it is

necessary to adopt complex constitutive models and the resulting problem-size is

generally only practical for local simulations,e.g. for model calibration.

A possible compromise solution would be to model the concrete-steel bond at

the reinforcement scale. This approach uses a single constitutive relation, com-

monly defined in terms of bond stressvs. slip, to simulate all inelastic phenomena

associated with the combined response of the reinforcementsurface and of the sur-

rounding concrete (e.g.concrete cracking and crushing). This constitutive relation

usually requires the definition of interface elements that include the reinforcement

surface and the surrounding concrete. The combination of the bond response into a

single model will mean that different bond characteristics (e.g. different rib types,

different levels of corrosion or different concrete casting conditions) will require

different bond constitutive relations. This approach is considered to be the most

feasible and it is adopted in the bond model proposed in this paper.
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2.2. Main quantities involved

Let us consider the small domain of the RC element represented in Figure 1-

a. This domain includes the reinforcing bar, with diameterφs, and the surround-

ing concrete. For the sake of simplicity, this domain will beconsidered as two-

dimensional without compromising the generality of the formulation that can al-

ways be expanded to the general three-dimensional case, in astraightforward man-

ner. This domain has been subjected to a set of loads that induced relative displace-

ments between the reinforcement and the concrete, as shown in Figure 1-b. The

relative displacements along the axis of the reinforcementbar qrel
1 (x1) are com-

monly calledslips s(x1) and the relative displacements perpendicular to the axis of

the barqrel
2 (x1) are addressed in this paper byradial relative displacements r2(x1)

or simply byopening/closing displacements.

According to Figure 1, for each point along the axis of the reinforcement bar,

these relative displacements can be defined as follows:

qrel
1 (x1) = s(x1) = qA

1 − qB
1 = qA

1 − qC
1 , (1)

qrel
2 (x1) = r2 (x1) =

(

qB
2 − qA

2

)

−
(

qC
2 − qA

2

)

= qB
2 − qC

2 . (2)

The adoption of equations (1) and (2) implies the following sign convention:

positive slips correspond to protruding reinforcements inthe edge with higherx1

coordinate and positive radial displacements implies opening movements.

As represented in Figure 1-c, associated with the slips and radial displacements

are the bond stressτb and the radial stressσr2. The equivalent global forces for the

domain represented in Figure 1 can be computed from:
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Qs =

∫ L

0
τbPc, dx1, (3)

Qr2 =

∫ L

0
σr2, dx1, (4)

wherePc is the contact perimeterby unit length defined by the perimeter of a

circle with diameterφs, and thus, neglecting the contribution of the ribs. These

expressions imply thatτb andσr2 only vary alongx1 and that the bond stress is

defined by perimeter unit, contrary to the radial stress.

3. MECHANICAL CHARACTERIZATION OF THE BOND MECHANISM

Most of the authors producing work in this field agree that thebond between

steel and concrete results from the combined effect of chemical adhesion between

cement paste and steel, friction between surfaces and mechanical resistance asso-

ciated with the ribs. As a consequence, for ribbed bars, the bond strength results

from the combined strength of all these three effects, generally much higher than

the strength for smooth bars, where only adhesion and friction contributes to the re-

sistance. Furthermore, the mechanical resistance associated with the ribs includes

the shear resistance of the concrete between ribs and the resistance associated with

the compression struts generated by splitting forces (see Figure 2).

A recurrent way of studying the bond mechanism is by the analysis of experi-

mental results. The failure mode in basic bond tests, e.g. pull-out tests, is likely to

be triggered by splitting or cylindrical cracks, or by concrete cone failure or rein-

forcing steel yield. If the last two failure modes are avoided, the bond stressvs.slip

relation for monotonic loading (see Figure 2) is mainly influenced by the existence

of ribs and by the confinement level.
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For what concerns the response under cyclic or alternated loading, the bond

performance presents additional stiffness and strength degradation caused by pro-

gressive micro-cracking and concrete crushing. Accordingto FIB [2], the most

important factors influencing this degradation are thetype of ribsand theslip his-

tory, which can be quantified by themaximum slipreached in both directionssmax.

Apart from these quantities, other aspects influencing the bond mechanism are

the geometric characteristics of the ribs, the steel bar diameter, the concrete char-

acteristics, the level of radial stress, the loading rate, the existence of steel bar

corrosion, the occurrence of yielding and the bond-relatedsize effect. More infor-

mation on these subjects can be found in the following references [1, 2, 3, 4].

4. DEVELOPMENT OF THE BOND MODEL

4.1. Introduction

This section is devoted to the development of a new bond modeldesignated

Concrete-Steel Interface(CSI) model. The model is designed to be used in large

three-dimensional simulations that require all constituent parts to be as efficient

as possible. Consequently, considering the analysis presented in section 2, it is

possible to conclude that the most feasible approach is to develop a semi-analytical

model implemented at the reinforcement scale.

The subsequent step is to define the phenomena to be incorporated in the

model, always by balancing the quality of the simulation against the additional

complexity and computational cost to be paid. At first, the model must simulate the

main phenomena experienced under monotonic loading. In addition, it is designed

to be used under general loading situations, such as earthquake loading. Therefore,

it is mandatory that the model is prepared for dealing with reversed cyclic loading,

meaning that the cyclic degradation and other response characteristics must be in-
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cluded. Some effects, like the loading rate and the steel bar corrosion cannot be

explicitly simulated by the proposed model. Nevertheless,these can be simulated

to some extent by adjusting the model parameters.

It was considered preferable to have a simpler model formulation, even if some-

times the local accuracy would be compromised, than a complex mathematical

definition. This option is supported by the assumption that for real situations the

global response of a reinforced concrete structural element is much more influ-

enced by spatial bond failure variations than by complex local model definitions.

As a result, linear branches were most of the times used to connect the key points

used to define the model.

Finally, the formulation of the proposed bond model will be developed in sev-

eral phases to separate as much as possible each feature and to develop a hierarchical-

based solution. The starting point is what is called thebase modelthat will act as

the skeleton and includes the most important response characteristics. Afterwards,

this base is enriched with optional sub-models with the purpose of simulating spe-

cific bond-related phenomena.

4.2. Base model

Figure 3 presents a schematic plot of the base model under monotonic and

reversed cyclic loading. This model is characterized by:

1. Under monotonic loading (see Figure 3-a), the response starts with a stiffer

linear loading branch with slopekpb, until the slip valuespb is reached. Af-

terwards, another linear loading branch connects the pointat coordinates

(spb, τpb = kpbspb) to the peak stress at (s0, τ0 = k0s0). The peak stress is

followed by a softening branch to (sres, τ
ld
res = f1τ0) and by a loading sliding

friction plateau at stress levelτld
res;
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2. Under cyclic loading (see Figure 3-b), to cope with the stiff unloading branches

observed in the experimental programs, akul slope is adopted for the unload-

ing branches. Under reversed loading, an unloading slidingfriction stress

is reached at stress levelτuld
res = f2τ0, after the bond stress changes sign.

Reloading occurs in order to connect the friction stress at null slip to the

peak stressτ0 again ats0. It should be noted that the stiffer loading branches

with slopekpb only occur for the first complete loading cycle.

Figure 4 compares the results obtained by this model with theaverage mono-

tonic and cyclic responses reported by Eligehausenet al. [3]. It can be easily

observed that the monotonic response can be very well simulated with the base

model. On the other hand, under reversed loading, there is a clear difference be-

tween the experimental and numerical results. The main differences are related to

the incorrect peak stress simulation after the first loading, the incorrect simulation

of the slip where reloading occurs and the incorrect simulation of the peak stress

slip also after the first loading. In order to overcome these difficulties, the base

model is enriched with a series of sub-models that are described in the following

subsections.

The shape of the softening branch can be defined as nonlinear by changing the

value of the parametercs defined afterwards in section 5. This parameter can be set

to zero resulting in a linear branch, or to values greater than zero that will result in

increasing smother transitions to the residual loading plateau. Figure 5 illustrates

the effect of this parameter in the numerical simulations previously presented in

Figure 4.

4.3. Sub-model for the cyclic resistance degradation

The experimental data represented in Figure 6 was obtained by Eligehausen

et al. [3] by performing a series of pull-out tests under reversed loading with re-
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inforced concrete specimens constructed with common reinforcing bars and con-

crete. The data presents the ratio between the stress beforeunloading at cyclen

and the one for the first cycle. This quantity gives information related to the cyclic

resistance degradation and is considered to be strongly related to the cyclic peak

stress ratio defined by:

γb(n) =
τn

0

τ1
0

. (5)

Two distinct factors are presented together in Figure 6, namely the cycle am-

plitude and the number of cycles. These two factors can be combined into an

equivalent value by introducing the non-negative parameter:

s∗ =
1
s0

ncyc
∑

n=1

s̃k, (6)

wherencycrepresents the number of cycles and ˜sk represents the absolute value of

the loading slip reached in each cycle and the sum is normalized by the initial peak

stress slip. As an example, in the cases presented in Figure 6the cycles have equal

amplitude, so the following expression may be used to compute s∗:

s∗ = (2n+ 1)
smax

s0
. (7)

The same data represented in Figure 6 is re-plotted in Figure7, showing a

clear trend and correlation with the proposed parameters∗ and relatively small

data dispersion.

The following expression is used to approximate the cyclic peak stress ratio

using the parameters∗:

γb(s∗) = aexp
(

−bs∗
)

+ cexp
(

−ds∗
)

+ e. (8)
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The unknown coefficients can be computed by a nonlinear fit using theLevenberg-

Marquardt algorithm [5, 6] resulting ina = 0.5838; b = 0.0792; c = 0.3456;

d = 3.8290 ande = 0.0887. The resulting curve is also presented in Figure 7 and

it is possible to observe the good quality of the data fit.

The adopted exponential relation (8) returnsγb(0) ≈ 1.0 and converges asymp-

totically to the value atγb(∞). For s∗ = 100 it returns values already very close

(< 0.24%) to the value for very large values ofs∗. Thus, this function is truncated

at s∗ = 100 for simplicity.

Although the expression presented in equation (8) is closely related to this

specific experimental data, it can be redesigned to be more general and adaptable to

other situations. With that purpose, two new parameters were inserted: i)γres that

represents the residual cyclic resistance ratio after an infinite number of cycles and

ii) γn that can be used to change the shape of the curve and gives moreflexibility

and generality to the sub-model. The enhanced expression isgiven by:

γb(s∗) =
γres

1− e
{

aexp(−bγns∗) + cexp(−dγns∗)
}

+ γres. (9)

Changing the values of parameterγres modifies the final value of the cyclic

peak stress ratio without changing the shape of the curve (see Figure 8-a). On the

contrary, changingγn has the opposite effect (see Figure 8-b).

The implementation of this sub-model into the bond model canbe done simply

by scaling the peak stress value, previously defined byτ0 = k0s0, using the fac-

tor {1 − γb(s∗)}, wheres∗ is defined for the previous completed semi-cyclic using

equation (6):

τ∗0(s∗) =
{

1− γb(s∗)
}

τ0. (10)

Consequently, the loading and unloading residual stress plateaus, which are
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related to the peak stress, are now defined respectively byf1τ∗0 and f2τ∗0. Figure

8-c presents a schematic representation of this sub-model implementation.

The same analysis case considered to compute the data represented in Figure 4-

b can be re-used to compute the data represented in Figure 8-d, considering now the

cyclic resistance degradation. Comparing both figures, it is possible to conclude

that this enhancement in the bond model has a large impact in the quality of the

simulation.

4.4. Sub-model for the peak stress slip evolution

The data collected in experimental results shows that the slip value in which

the peak stress is reached is not constant for all the phases characterizing the bond

mechanism. In fact, this data shows an increasing tendency that can be related to

the fact that a higher relative displacement is necessary tomobilize all available

strength after concrete cracking and crushing.

This is clearly visible in the results obtained by Eligehausen et al. [3], as

shown in Figure 4-b. This behaviour is considered an important aspect of the bond

mechanism. Hence, to improve the quality of the simulation,a sub-model will be

added to the base model to simulate this effect. The following assumptions for the

slip in which the peak stress is reached were adopted:

1. this value increases with the development of inelastic phenomena at the in-

terface;

2. this value varies betweens0 that characterizes the response for the virgin

state and the value for the beginning sliding friction plateau sres.

The following expression is adopted for the sub-model:

spk
(

s∗
)

= s0 + (sres− s0)

(

s∗

100

)npk

, (11)

11



wherespk is the slip value in which the peak stress is reached;npk is a non-negative

parameter used to change the profile of the evolution as showed in Figure 9-a, and

s∗ is the parameter used before.

Figure 9-b presents a schematic representation of the effect of this sub-model

in the simulation.

4.5. Sub-model for the reload slip evolution

For the reloading branches, the experimental results also show that the slip in

which the stiffness increases changes throughout the tests. This can also be clearly

observed in the results obtained by Eligehausenet al. [3] presented in Figure 4-

b. For this factor, a clear pattern cannot be observed for theevolution. It seems

indubitable that this slip value has the tendency to move into the loading sliding

friction plateau. However, the starting and ending slip values, and also, the evolu-

tion pattern are not clearly recognizable from the available data. Consequently, the

sub-model must be more flexible in order to adapt to different situations.

The following expression is adopted to simulate the reload slip evolution:

srld
(

s∗
)

= s0
rld +

(

s∞rld − s0
rld

)

(

s∗

100

)nrld

≤ s∞rld , (12)

where srld represents the slip value in which the reloading branch begins; s∗ is

the parameter used in the previous sub-models;s0
rld represents the initial value at

s∗ = 0; s∞rld corresponds to the final value ats∗ = 100, and as before,nrld allows

changing the shape of the evolution as represented in Figure10-a.

Note that the signs of boths0
rld and s∞rld are not associated with the absolute

slip values. Instead, they correspond to a relative slip in which the negative values

are associated with the anticipation of the reload branch, and thus, positive values

mean delaying the reload branch. It should be taken into consideration that if the

cycle amplitude is not enough to exceeds0
rld , the reload offset must be truncated to
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this value. Figure 10-b presents a qualitative representation of the sub-model effect

in the simulation.

Figure 11 presents a comparison with the experimental data considered previ-

ously. It is possible to observe that adding the sub-models for the simulation of the

cyclic resistance degradation, of the evolution of peak stress slip and of the reload

slip has significantly improved the simulation quality.

4.6. Sub-model for the radial stress effect

To introduce the radial stress effect into the bond model, it is necessary to

have information about the stress in the surrounding concrete. A difficulty emerges

because the concrete stress is not reflected in the interfaceelement that is used

within the framework of the Finite Element Method. A possible solution is to

enhance the state determination of the interface element with information from

other elements. This will be performed by adopting a procedure similar to the one

used for the nonlocal regularization technique to cope withlocalization problems

[7, 8].

The first step is to compute the perpendicular direction to the interface axis

in the direction towards the reference Gauss point. This canbe performed by the

following procedure.

Let us consider the two Gauss points drawn in black in Figure 12. The Gauss

point labelledGPre f belongs to the interface element and the one labelledGPk is

part of the surrounding concrete. It is possible to define theunit vectorv1 with the

direction connecting the position of these points, using their global coordinatesX:

v1 =
XGPk − XGPre f

∥

∥

∥XGPk − XGPre f
∥

∥

∥

. (13)

Another unit vector can be defined with the direction of the central axis of the

interface element. Considering that a zero-thickness interface element with linear
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geometry is used in the implementation, this direction can be computed using the

expression:

v2 =
XII − XI

∥

∥

∥XII − XI
∥

∥

∥

, (14)

whereXk is the global coordinate of the local nodek.

Note thatv1 andv2 are not necessarily perpendicular to each other. To correct

this, the following equation can be applied:

v3 = v2 × v1, (15)

and finally, the unit vectorn that is perpendicular tov2 and points towardsGPk is

given by:

n = v3 × v2. (16)

The radial stress is the component of the stress vector acting in the direction

defined byn and it can be computed using:

σrad = σi j nin j . (17)

A weighted average value for the radial stressσrad is used to improve the qual-

ity and representativeness of the stress value in the surrounding concrete, by com-

puting:

σ̄rad =

nGP
∑

k=1

(σrad W)k, (18)

whereW is the weight associated with each Gauss point (GP) selected.

The selection of the eligible Gauss points and the computation of the weights

can be made using a similar approach to the one used in nonlocal constitutive
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relations [7, 8] by using theGaussian functionor thebell-shaped function[9]. A

new parameter called thebond length Lb is introduced to characterize the width in

which the bond mechanism develops. This way, the weights of each Gauss point

can be computed from:

Wgp =
1

Wtot
f
(

Lb,XGPre f ,XGPk
)

, (19)

whereXGPre f and XGPk are the coordinates of the reference and of the selected

Gauss points. To enforce that the sum of the weights is unitary, the parameterWtot

is computed from:

Wtot =

nGP
∑

k=1

Wk. (20)

The final step consists in defining the sub-model for the radial stress effect.

This is done using the parameterη, which effect is represented in Figure 13 and

defined by:

η (σ̄rad) =



































η0 + (η− − η0)
(

|σ̄rad|

fc

)nη−
≤ η−, if σrad < 0

η0 if σrad = 0,

η0 + (η+ − η0)
(

|σ̄rad|

0.10fc

)nη+
≥ 0, if σrad > 0

(21)

whereη0 is the value of the function in the absence of radial stress,η− andη+ are

the values for ¯σrad = − fc and forσ̄rad = 0.1 fc , respectively, andnη− andnη+ are

exponents used to define the shape of the function for negative and positive values

of the radial stress. The reference value of 0.1 fc was adopted to avoid the explicit

definition of another parameter.

One possible way to introduce this effect into the bond model is to scale the

reference slipsspb ands0, using the following expressions:
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spb (η) = spb (η0) η, (22)

s0 (η) = s0 (η0) η. (23)

This would result in the desired uniform change of the peak stresses and of the cor-

responding slip values. However, it does not change the slopes of most branches,

even when the radial stress changes throughout the analysis, as exemplified in Fig-

ure 14-a for constant radial stress. Furthermore, the beginning slip for the resid-

ual friction stress levelsres is considered to be unchanged by the radial stress.

These assumptions are supported by observations made on experimental results

[3, 10, 11, 12]. Figure 14-b presents an example of the constitutive relation with

constant and without the radial stress effect for reversed cyclic loading.

5. MATHEMATICAL FORMULATION

5.1. State determination algorithm

The bond model is defined by the parameters presented in Table1 and the

constitutive relation adopts the following expression:

τb = kul (s− sine) , (24)

wherekul is the unloading stiffness andsine is the inelastic slip.

A bond envelope functionφ±b is defined for the positive and for the negative

limit of the bond stress. Taking advantage of the fact that these are odd functions,

it is possible to write a condensed expression that can be used for either the positive

and negative envelops1:

1The symbol± should be replaced by a+ or a− sign, resulting in the positive and negative limit

of the envelope function
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φ±b =



































































±α, if ± s≤ srld

± f2τ∗0ηpk ±
τ∗0ηpk(1− f2)
spkηpk−srld

(±s− srld ) , if srld < ±s≤ spk

±β ± λ

{

τ∗0

(

ηpk − f1τ∗0
)

+
τ∗0( f1η−ηpk)
sres−spkηpk

(

±s− spkηpk

)

}

, if spk < ±s≤ sres

±β, if sres < ±s

,

(25)

with:

α = f2τ∗0η; β = f1τ∗0η; τ∗0 = (1− γb) k0s0; λ = exp
(

−cs
±s−spkηpk

sres−spkηpk

)

. (26)

During the first load, the envelope function is changed to:

φ±b =



























kpbs, if |s| ≤ spbηpk

±kpbspbηpk +
k0s0−kpbspb

spk−spb

(

s− spbηpk

)

, if spbηpk < |s| ≤ spk

. (27)

The symbolηpk refers to the value of parameterη defined in equation (21) when

the peak stress is reached. This value is used to define the slope of the softening

branch, so it must be stored until the end of each loading cycle.

The admissible values for the bond stress are limited by the positive and nega-

tive envelope functions:

φ−b ≤ τb ≤ φ
+
b . (28)

This condition must be satisfied in the state determination procedure. With that

purpose, the following procedure may be adopted: i) Computethe trial bond stress

τtrial
b for the current slip value using the expression (24); ii) Ifτtrial

b violates the

limits imposed by equation (28) then correct the inelastic slip sine using:
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sine = s− φ±b/kul, (29)

where in this caseφ±b should be replaced by the violated envelope function.

5.2. Stiffness matrix

The total derivative of the bond stress must be computed in order to obtain the

tangential components of the interface element stiffness matrix. As seen before, the

bond stress is a function of the slip and a set of state parameters that only changes

between cycles, with the exception of radial stress that canchange without any

constraint. Therefore, the total derivative can be expressed as:

dτb =
∂τb

∂s
ds+

∂τb

∂η
dη. (30)

It is not possible to compute the term∂τb/∂η within the element scope, as

parameterη depends on ¯σrad, which is defined by the averaged information from

the surrounding concrete elements.

To mitigate this problem, the model was developed in such waythat the slope

of branches #1, #2 and #6 represented in Figure 15 are not affected by the changes

of σ̄rad. In these cases, quadratic convergence may be achieved evenif the radial

stress changes. On the other hand, for the other branches thequadratic convergence

is lost. Nonetheless, even in those situations the convergence reveals to be quite

efficient and fast, as a consequence of the changes of slope beingrelatively small.

The term∂τb/∂s in equation (30) can be computed for each branch represented

in Figure 15, from:
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∂τb/∂s=



































































































































kpb, case #1

k0s0−kpbspb

spk−spb
, case #2

τ∗0( f2−1)ηpk

spkηpk−srld
, case #3

τ∗0( f1η−ηpk)
sres−spkηpk

, case #4 (ifcs = 0)

0, case #5

kul, case #6

0, case #7

. (31)

For case #4, whencs > 0, the derivative turns into:

∂τb

∂s
=

cs

{

τ∗0

(

f1η − ηpk

)

−
τ∗0(s−ηpkspk)( f1η−ηpk)

sres−spkηpk

}

exp
{

cs(s−spkηpk)
sres−spkηpk

}

(

sres− spkηpk

)

+
τ∗0

(

f1η − ηpk

)

exp
{

cs(s−spkηpk)
sres−spkηpk

}

(

sres− spkηpk

)

.

(32)

6. MODEL IMPLEMENTATION

A discontinuity in the displacement field is created when thebond between

reinforcement and concrete starts to fail. This discontinuity corresponds to relative

displacements between adjacent points in the domain. In thescope of the Finite

Element Method, these displacement discontinuities can besimulated in several

ways. It is possible to classify them as: i)element-based, when the discontinuity is

embedded inside the element and no mesh modification is required; and ii)mesh-

based, when the discontinuity simulation requires the addition of nodes and/or

special interface elements. This latter approach is adopted in this work.

Although the so-calledhanging nodeswere not adopted in this work, they can

introduce some advantages into the simulation, in particular for the concrete mesh
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generation, resulting in a reduction of degrees of freedom.Using this approach

the reinforcement nodes are not required to be coincident with the concrete ele-

ment nodes, as they can be located on their edges/faces, and the concrete displace-

ments may be computed from finite element interpolations. This technique has

been addressed by several authors [13, 14, 15] and intense research is being made

in the integration with theeXtended Finite Element Method(X-FEM) [16], e.g.

[17, 18, 19].

For what concerns the meshing technique, interface elements in parallel with

the main domain are adopted. This technique presents some advantages related

to the fact that the mesh is simpler to be generated even for three-dimensional

analyses because the concrete sub-domain is unaffected and continuous. Its main

disadvantage is that the interface element is insensitive to the stress state on the

concrete domain.

The type of interface element to be implemented is another option that needs to

be taken. Zero-thickness elements are adopted in this work due to its formulation

and implementation simplicity and to the fact that accurateresults can be obtained.

These elements were originally developed by Goodmanet al. [20] and enhanced by

Beer [21] and Carol and Alonso [22] that presented an isoparametric zero-thickness

element to be used for interfaces. The element works as one-dimensional due to

the consideration of the mechanical formulation in the interface mid-plane.

Another option would be to adopt thin-layer elements [23, 24, 25, 26]. These

elements consider that the interface mechanism occurs in a narrow finite zone and

models the interfaces as thin continuum elements. This technique was not adopted

because setting the correct thickness for each problem withan objective procedure

is sometimes not easy to accomplish and numerical problems have been reported

for some types of these elements with very small thickness,e.g.degenerated stan-

dard continuum elements [4].
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6.1. Interface element

The interface element combines the CSI model described in the previous sec-

tions and additional elastic models for the radial directions, which are defined using

large numerical values for the stiffness. The objective is to impose near null radial

relative displacements between the steel and concrete elements adopting a proce-

dure similar to a penalty method.

The isoparametric zero-thickness interface element proposed by Beer [21] is

adopted. The element kinematics includes the longitudinalrelative displacement

(slips) and the radial relative displacements (opening andclosure movements).

These kinematic variables can be joined together in the following vector:

qrel =

[

s r2 r3

]t
, (33)

wheresdevotes the slip between concrete and reinforcement andr i corresponds to

the radial relative displacement (opening/closure) along the local directioni.

The associated static variables can be grouped in the following stress vector:

σ =

[

τb σr2 σr3

]t
, (34)

whereτb represents the tangential stress (bond stress) created by the slips andσri

are the radial stresses associated with the radial displacement along the local direc-

tion i.

The following expressions are adopted for the element mapping [21]:

xbot
k = ψ1 y[ I ]

k + ψ2 y[ II ]
k , (35)

xtop
k = ψ2 y[ III ]

k + ψ1 y[ IV]
k , (36)

and for the relative displacement approximations [21]:
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qbot
k = ψ1 q[ I ]

k + ψ2 q[ II ]
k , (37)

qtop
k = ψ2 q[ III ]

k + ψ1 q[ IV]
k , (38)

where the shape functionsψk are defined as first order polynomials (see Figure 16).

The relative displacement approximations can be computed from the top and

bottom edge displacements (see Figure 16), using [21]:

qrel
k = qtop

k − qbot
k = ψ2q[ III ]

k + ψ1q[ IV]
k − ψ1q[ I ]

k − ψ2q[ II ]
k . (39)

Note that for dynamic analyses the velocity and acceleration approximations

can be computed from similar expressions to those presentedfor the displacements

in equations (37), (38) and (39).

This formulation results in a model that directly relates the stresses with the rel-

ative displacements. Hence, the compatibility equations are not similar to the ones

used in the continuum mechanics framework, which involves derivatives. Instead,

they are simply defined by differences between displacements.

The compatibility relations can be computed from:

qrel = B q, (40)

with:

B =





































−ψ1 0 0 −ψ2 0 0 ψ2 0 0 ψ1 0 0

0 −ψ1 0 0 −ψ2 0 0 ψ2 0 0 ψ1 0

0 0 −ψ1 0 0 −ψ2 0 0 ψ2 0 0 ψ1





































. (41)

The following constitutive relation is considered for the interface element:
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σ = k∗
(

qrel − qrel
ine

)

, (42)

wherek∗ is the inelastic constitutive tensorandqrel
ine corresponds to theinelastic

displacement vector, non-null only for the slip component:

k∗ =





































k∗s 0 0

0 kr2 0

0 0 kr3





































, (43)

qrel
ine =

[

sine 0 0
]t
, (44)

wherek∗s represents thesecant modulusdefined byk∗s = τb/s.

The stiffness matrix can be obtained from [27]:

K =

1
∫

−1

Bt (y1) k∗ B (y1) detJ (y1) dy1, (45)

and thesecant stiffness matrixcan be computed using the Gauss-Legendre quadra-

ture:

Ks =

ngp
∑

gp=1

Bt (y1)gp k∗gp B (y1)gp detJ (y1)gp wgp. (46)

whereJ is the Jacobian matrix andw is the quadrature weight associated with each

Gauss point. In this work, two Gauss points were used to compute the previous

expression.

The use of thetangent stiffness matrixcan enhance the computational efficiency

of the numerical model by increasing the convergence rate. This matrix can be

computed using [28]:
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Kt =
∂Qi

∂q
=

∫

Bt ∂σ

∂q
dΩ, (47)

whereQi represents theinternal force vector.

Considering the relation (40), the stress derivative term can be computed from:

∂σ

∂q
=

∂σ

∂qrel

∂qrel

∂q
=

∂σ

∂qrel
B, (48)

where for the radial components the∂σ/∂qrel term corresponds to the radial stiff-

nesskri along each radial directioni as in equation (43). On the other hand, the

bond-related component is given by∂τb/∂s, defined in Section 5.

As before, the stiffness matrix can be computed using the Gauss-Legendre

quadrature:

Kel
t =

ngp
∑

gp=1

Bt (y1)gp

(

∂σ

∂qrel

)

gp
B (y1)gp detJ (y1)gp wgp, (49)

with:

∂σ

∂qrel
=





































∂τb
∂s Pc 0 0

0 kr2 0

0 0 kr3





































, (50)

wherePc is the contact perimeter described in Section 2.

7. EXAMPLE 1 - PULL-OUT TESTS BY ELIGEHAUSEN, BERTERO AND

POPOV

The objective of this example is to simulate the response of the pull-out tests

performed by Eligehausenet al. [3]. These tests were considered as an ideal

case for a first validation, because there is an extensive amount of data available
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and a short anchorage was used (5db = 127 mm), which creates a nearly uniform

response throughout the anchorage.

Figure 17 presents the main geometric and mechanical characteristics of the

tests. A plane model was used to simulate the experiment and the concrete was

modelled with isoparametric 4-noded elements (Q4), adopting an elastic constitu-

tive relation. The steel bar was simulated with elastic Euler-Bernoulli beam (EBB)

elements, although one-dimensional truss elements could also have been used, sim-

ilar to what was done in Example 2. The interface elements aremodelled using the

proposed CSI element. All the parameters required by the models are presented in

Table 2.

This series of tests was executed by prescribing a set of quasi-static displace-

ments and measuring the equivalent force on one side of the protruding steel rein-

forcement bar (point A on Figure 17) and by measuring the displacement on the

other side of the bar (point B). A set of boundary conditions were enforced at the

concrete nodes near point A, as presented in Figure 17.

Three static analyses were performed (see Table 3). In the first analysis a mono-

tonic displacement is imposed and no active confinement (radial stress) is taken

into account. The second test simulates the reversed cyclicresponse of the inter-

face, again with no imposed radial stress. This effect is studied in detail in the third

analysis by considering four levels of radial stress.

7.1. Case 1 - Monotonic loading with no radial stress

Figure 18 presents the results of the analysis #1 expressed in a diagram relating

the constraint force at point A (QC) and the displacement measured at point B (qB).

These values are compared with the average value of the groupof monotonic tests

carried out by Eligehausenet al. [3] expressed in terms of bond stressvs. slip. As

one will see further on, the structural response reveals that the behaviour of the in-
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terface is not uniform. However, the variations are minimum, and consequently, it

can be assumed that a good approximation can be obtained fromτb ≈ Qc/Ac, where

Ac is thecontact areagiven by thecontact perimeter Pc multiplied by thecontact

length Lc. This relation considers that the force associated with theprescribed dis-

placement can be transformed into the equivalent bond stress assuming a uniform

stress throughout the anchorage length. The bond stresses obtained through this

relation will be represented byτeq
b and denoted by theequivalent bond stressto

avoid confusions. Figure 18 was drawn using two vertical axes that were scaled

using this formula to enable a direct comparison. For simplicity, this hypothesis

will be adopted throughout this example.

The results presented in Figure 18 show a very good match between the exper-

imental response obtained by Eligehausenet al. [3] and the numeric data obtained

with the numerical model. The model was capable of reproducing all the phases of

the monotonic response, namely: i) the initial stiffer loading branch; ii) the stiff-

ness decrease until peak stress is reached; iii) the peak stress value; iv) the softening

branch and v) the sliding friction residual stress.

Figures 19, 20 and 21 present a series of numerical results obtained at the Gauss

points of the interface elements at peak force (qimp = −1.975 mm, step #79).

Figure 19 represents the slip variation and these results confirm that this vari-

able is not uniform along the anchorage. As expected, the slips are larger near the

loaded edge and smaller at the other end. This figure also shows the plot of the bond

stress along the interface, revealing that the stress distribution is also not uniform,

although the variations are relatively small. It can be seenthat the interface zone

for x ≥ 200 mm is still loading and that the zone closer to the loadingend, with

smallerx values, is already in the softening branch. Theequivalent bond stress

(τeq
b ) that is obtained by assuming a uniform slip distribution isalso presented in

this figure using a dotted line. It is possible to conclude that this approximation is
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feasible and can be used for the analysis of the results with aminor loss of accuracy.

Figure 20 presents the axial stress distribution along the reinforcement bar. As

expected, it can be seen that the stress is approximately uniform along the first

and last third of the bar length, as the reinforcing steel baris not connected to

the concrete by interface elements in those regions (see Figure 17). Inside the

specimen, the stress gradually reduces to zero due to the loading and boundary

conditions.

The concrete stressσxx distribution is also plotted in Figure 20 for the Gauss

points closer to the interface. The results show compression stresses near the load-

ing edge, tensile stresses near the free edge and a transition zone in the middle of

the specimen. This observation is confirmed by the concrete principal stress vec-

tors at peak force represented in Figure 21. Furthermore, itis visible that along

the bond length, the transition from a predominant compression to tensile states is

accompanied by a rotation of the principal stress directions creating radial stresses

(see Figure 21).

7.2. Case 2 - Reversed cyclic loading with no radial stress

This analysis has the objective of testing the model in the simulation of pull-

out tests with reversed loading. The model parameters are listed in Table 2 and are

identical to the ones adopted for the monotonic loading case, with the inclusion

of calibrated parameters for simulating the cyclic resistance degradation, the peak

stress slip evolution and the reload slip evolution. The parameters related to the

radial stress effect were left neutral,i.e. with no effect on the simulation. The

loading history for this analysis is indicated in Table 3.

The equivalent bond stressvs. slip diagram is presented in Figure 22 and is

plotted against the experimental data obtained by Eligehausen et al. [3]. It is

possible to observe a good match between both curves and conclude that the ex-
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perimental response was simulated with a good level of accuracy.

7.3. Case 3 - Monotonic loading with variable levels of radial stress

The objective of this analysis is to assess the capacity of the proposed numerical

model to simulate the effect of active radial stresses.

The starting point of this analysis is to calibrate the sub-model for the radial

stress effect defined in Section 4 with the pre-existing data from the tests. This was

done by fitting this data using theLevenberg-Marquardtalgorithm [5, 6], in order

to find the best values for the parametersη− andnη− associated with compressive

radial stresses. The resulting sub-model curve is presented in Figure 23-a and

reveals a very good match with the experimental data, showing that the sub-model

is flexible enough to reproduce this data. In addition, no information is available

for characterizing the effect of tensile radial stresses so that no data fit was made

for the sub-model parameters associated with the tensile domain, which were left

neutral,i.e. with no effect on the simulation (η+ = 1.0, nη+ = 1.0). This effect is

only relevant for the case where no radial stress is applied to the specimen, because

radial tensile stresses can occur in the interface. In all other cases, the compression

stresses are enough to eliminate this possibility.

For this simple two-dimensional analysis case it is possible to present a schematic

representation of how the nonlocal radial stress is computed. In Figure 23-b it can

be seen that for each interface Gauss point, a group of concrete Gauss points are

chosen using a criterion related to the adoptedbond length Lb. The bell-shaped

function is used to compute the weights of the Gauss points [9] and these values

are represented in Figure 23-b by the shade level of each Gauss point, using blacker

shades for larger weights and lighter shades for smaller weights.

A series of analyses were performed for the four levels of imposed radial stress

σrad = {0.0,−5.0,−10.0,−13.2}MPa, which were applied in the first loading step
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and kept constant throughout the analysis. The equivalent bond stressvs. slip

diagrams are presented in Figure 24. The results show a very good match between

the numerical and experimental results, not only in terms ofthe calibrated peak

stress, but also in terms of the shape of the loading, softening and sliding friction

plateau.

In addition, Figure 25 presents the computed nonlocal radial stresses along

the interface elements at the steps associated with branch switching points on

Figure 24-c. As mentioned before, the pull-out forces generate additional com-

pression and tension stresses at the interface (see Figure 19), so as expected, the

radial stress distribution is not uniform along the anchorage length. Moreover,

higher radial stress variations occur when the pull-out force is larger (peak stress

at qimp = −2.375 mm).

8. EXAMPLE 2 - PULL-OUT TESTS BY LA BORDERIE AND PIJAUDIER-

CABOT

The pull-out tests performed by La Borderie and Pijaudier-Cabot [10] are used

to validate the model in a three-dimensional analysis case.The geometric and me-

chanical characteristics of this experimental programme,together with the mesh

and boundary conditions adopted are summarized in Figure 26. The anchorage

length is 45 mm, approximately 5.6φs, which can be classified as a small anchor-

age. Hence, it is expected that the strain and stress fields will be nearly uniform.

Table 4 lists the details of all models used. The concrete wasmodelled using

elastic (model #1) three-dimensional isoparametric 8-noded hexahedral elements

(H8), the reinforcements were modelled with one-dimensional elastic (model #2)

truss elements (L2) and the concrete-steel interface is simulated using the proposed

CSI model (model #3).
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Four analyses were performed by changing the radial stress in both horizon-

tal directions toσrad = {0.0,−5.0,−10.0,−15.0} MPa. The load was imposed as

a monotonic quasi-static displacement at the protruding steel bar. As before, the

parameters for simulating the radial stress effect were computed by fitting the ex-

perimental data, using theLevenberg-Marquardtalgorithm [5, 6], by finding the

best values for the parametersη− andnη− for the compression domain of the radial

stress equation, leading toη0 = 1.000,η− = 1.293 andnη− = 0.347.

For the analysis with no radial stress, Figure 27-a presentsa graphical represen-

tation created from theσzz values at the concrete Gauss points. This figure shows

the expected stress distribution, with stress concentrations near the extremity of the

bar embedded in the concrete and near the protruding bar zone.

The tensile stress concentration inside the specimen couldresult in cracking

and the elastic model used to simulate the concrete responsewas not able to cap-

ture this effect. Nevertheless, this effect is only local and would not significantly

influence the pull-out test results. Furthermore, the axialstress distribution along

the reinforcing bar is presented in Figure 27-b. These results confirm the gradual

stress transfer between the steel bar and the concrete.

In Figure 28, the applied forcevs. the prescribed displacement at point A is

plotted for the four tested cases of radial stress, togetherwith the experimental data

obtained by La Borderie and Pijaudier-Cabot [10]. From the analysis of this fig-

ure it is possible to observe a good match between the experimental and numerical

results. In particular, setting the parametercs to values greater than zero made pos-

sible to follow with greater accuracy the softening branch of the bond mechanism.

Moreover, it is possible to conclude that, after being calibrated, the model was able

to accurately simulate the behaviour observed in all the tests.

Figure 29 presents the axial stress along the steel reinforcing bar for the analy-

sis without radial stress. The stress distribution in the steel reinforcement reveals a
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smooth transmission of forces into the concrete, confirmingwhat was observed in

Figure 27-b.

9. CONCLUSIONS

This paper introduces an original bond model to simulate themechanical inter-

action between concrete and reinforcing steel bars, when loaded beyond the perfect

bond limit. The model is deemed to be used in three-dimensional analyses within

the framework of the Finite Element Method and for general loading cases.

The so-called CSI model makes possible to include an extensive list of phenom-

ena affecting bond mechanism, which led to 22 model parameters. This number is

considered high and a drawback of the proposed model. To mitigate this problem,

the bond model was developed using a hierarchical approach,by defining a base

model with 9 parameters and a group of 4 sub-models for the simulation of the

cyclic degradation, the peak stress slip evolution, the reload slip evolution and the

radial stress effect, using 2, 1, 3 and 7 additional parameters, respectively. This

hierarchical approach makes possible the use of the model for reversed loading

cases by defining only the 9 parameters required for the base model and by setting

the other parameters to default values. Each sub-model can be added only if the

simulated phenomenon is significant for the response. As an overall assessment,

it is possible to stress that the proposed solution presentsa balanced and robust

way to simulate the large majority of the phenomena that characterize the bond

mechanism.

The use of zero-thickness interface elements to simulate bond failure within

three-dimensional finite element meshes revealed to be a feasible and reasonable

procedure.

Taking into consideration the results from the validation examples presented
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in this paper, it is possible to conclude that the proposed bond model is able to

simulate with a very good accuracy level the bond response observed in pull-out

tests, both for monotonic and cyclic loading.

At this stage, it would be very interesting to continue the model validation with

other test results, in particular, with long anchorages specimens and with data from

dynamic bond tests. Furthermore, taking advantage of hanging nodes to simplify

the concrete mesh generation is another improvement scheduled for future work.
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Figure 1: Denomination of the basic CSI quantities

38



Figure 2: Typical response under monotonic loading, adapted from FIB [2].
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Figure 3: Schematic representation of the base model.
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Figure 4: Base model - Comparison with experimental data.
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Figure 5: Effect of the parametercs in the simulation.
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Model parameters in (d) are the same of Figure 4 andγres = 0.0887,γn = 1.00.

Figure 8: Sub-model for the cyclic resistance degradation.
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Figure 12: Radial stress effect - Computing the stress acting on the interface.
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(a) schematic representation
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Figure 15: Bond model branch numbering.
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Figure 16: Zero thickness 4-noded isoparametric interfaceelement.
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Figure 17: Example 1 - Geometric and mechanical characteristics and mesh used in the analyses.
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Figure 18: Example 1 (#1) - Response under monotonic loading
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Figure 20: Example 1 (#1) - Steel axial stress and surrounding concrete stress at peak force.
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Figure 21: Example 1 (#1) - Principal stress vectors in the concrete elements at peak force.
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Figure 22: Example 1 (#2) - Equivalent bond stressvs.slip.
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Figure 23: Example 1 (#3) - Radial stress sub-model.

60



0 2 4 6 8 10 12
0

2

4

6

8

10

12

14

16

18

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Exp.1[3]
Exp.2[3]

(a) σrad = 0.0 MPa

0 2 4 6 8 10 12
0

2

4

6

8

10

12

14

16

18

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Exp.3[3]

(b) σrad = −5.0 MPa
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(c) σrad = −10.0 MPa
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Figure 24: Example 1 (#3) - The effect of the radial stress.
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Figure 26: Example 2 - Geometric and mechanical characteristics and mesh used in the analyses.
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(a) σzz in the concrete elements (b) axial stress distribution in the reinf. steel bar

Figure 27: Example 2 - Analysis without external radial stress (σrad = 0.0 MPa,qimp = 1.20 mm).

64



0 5 10 15 20 25
0

5

10

15

20

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Experim.1 [10]

(a) σrad = 0.0 MPa

0 5 10 15 20 25
0

5

10

15

20

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Experim.2 [10]

(b) σrad = −5.0 MPa

0 5 10 15 20 25
0

5

10

15

20

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Experim.3 [10]

(c) σrad = −10.0 MPa

0 5 10 15 20 25
0

5

10

15

20

 

 

τ
eq b

[M
P

a]

s [mm]

Model
Experim.4 [10]

(d) σrad = −15.0 MPa

Figure 28: Example 2 - The effect of the radial stress on the monotonic response.
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Table 1: Bond model parameters.

Param. Unit Definition Domain
kpb Pa/m perfect bond tangent stiffness [0,∞]
k0 Pa/m monotonic secant stiffness at peak stress [0,∞]
kul Pa/m unloading stiffness [0,∞]
spb m monotonic perfect bond slip limit [0, s0]
s0 m monotonic slip at peak stress

[

spb, sres

]

sres m slip at the beginning of the loading residual stress [s0,∞]
f1 - loading residual stress ratio [0, 1]
f2 - unloading residual stress ratio [0, 1]
cs - controls the shape of the softening branch [0,∞]
γres - γb at s∗ = 100 [0, 1]
γn - controls the evolution ofγb [0,∞]
npk - controls the evolution ofspk [0,∞]

s0
rld m reload slip fors∗ = 0

[

−sres, s∞rld
]

s∞rld m reload slip fors∗ = ∞
[

−s0
rld , sres

]

nrld - controls the evolution ofsrld [0,∞]
Lb m bond length [0,∞]
fc Pa concrete resistance under compression [0,∞]
η0 - value ofη for σ̄rad = 0 [0,∞]
η− - value ofη for σ̄rad = − fc [0,∞]
η+ - value ofη for σ̄rad = 0.10fc [0,∞]
nη− - controls the evolution ofη for negative values of ¯σrad [0,∞]
nη+ - controls the evolution ofη for positive values of ¯σrad [0,∞]
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Table 2: Example 1 - Model parameters.

Model Type Parameters
#1 Elastic E = 30.5 GPa, ν = 0.20, t = 0.178m (plane stress)
#2 EBB E = 200.0 GPa,ν = 0.30, As = 5.067 cm2, Iz = 2.043 cm4

#3 CSI kpb = 32.94 GPa/m, k0 = 8.235 GPa/m, kul = 90.0 GPa/m,
ko2 = ko3 = 1000 GPa/m, spb = 0.343 mm, s0 = 1.70 mm,
sres = 10.50 mm, cs = 0.0, f1 = 0.35, f2 = 0.00, γres = 1.0, γn = 1.0,
npk = 1.00, s0

rld = 0.00 mm, s∞rld = 0.00 mm, nrld = 1.00, lη = 0.00 m,
fc = 0.0 MPa, η0 = 1.0, η− = 1.0, η+ = 1.0, nη− = 1.0, nη+ = 1.0

#4 CSI kpb = 9.50 GPa/m, k0 = 8.235 GPa/m, kul = 90.0 GPa/m,
ko2 = ko3 = 1000 GPa/m, spb = 0.343 mm, s0 = 1.45 mm,
sres = 12.00 mm, cs = 0.0, f1 = 0.47, f2 = 0.25, γres = 0.45, γn = 3.5,
npk = 0.57, s0

rld = −3.00 mm, s∞rld = 9.00 mm, nrld = 0.55, lη = 0.00 m,
fc = 0.0 MPa, η0 = 1.0, η− = 1.0, η+ = 1.0, nη− = 1.0, nη+ = 1.0

#5 CSI kpb = 8.35 GPa/m, k0 = 8.235 GPa/m, kul = 90.0 GPa/m,
ko2 = ko3 = 1000 GPa/m, spb = 0.360 mm, s0 = 1.70 mm,
sres = 11.00 mm, cs = 0.0, f1 = 0.36, f2 = 0.00, γres = 1.0, γn = 1.0,
npk = 1.00, s0

rld = 0.00 mm, s∞rld = 0.00 mm, nrld = 1.00, lη = 0.02 m,
fc = 30.0 MPa, η0 = 1.0, η− = 1.293, η+ = 1.0, nη− = 0.347, nη+ = 1.0
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Table 3: Example 1 - Characteristics of the analyses

Analysis Models (see Table 2) Loads (see Figure 17)
#1 Conc. #1, Reinf. #2, CSI #3 qimp (monotonic),

σrad = 0.0 MPa
#2 Conc. #1, Reinf. #2, CSI #4 qimp = {0.0, 2.7,−2.7, 13.0} mm,

σrad = 0.0 MPa
#3 Conc. #1, Reinf. #2, CSI #5 qimp (monotonic),

σrad = {0.0,−5.0,−10.0,−13.2} MPa
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Table 4: Example 2 - Model parameters.

Model Type Parameters
#1 Elastic E = 15.5 GPa, ν = 0.17
#2 Elastic E = 200.0 GPa,ν = 0.30, As = 0.5026 cm2

#3 CSI kpb = 14.40 GPa/m, k0 = 9.72 GPa/m, kul = 90.0 GPa/m,
ko2 = ko3 = 1000 GPa/m, spb = 0.68 mm, s0 = 1.15 mm,
sres = 25.00 mm, cs = 2.8, f1 = 0.09, f2 = 0.00, γres = 1.0, γn = 1.0,
npk = 1.00, s0

rld = 0.00 mm, s∞rld = 0.00 mm, nrld = 1.00, lη = 15 cm,
fc = 14.5 MPa, η0 = 1.0, η− = 1.418, η+ = 1.0, nη− = 1.562, nη+ = 1.0
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